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Static and Dynamic Structure of Colloids

Close Packed Crystal




Static Structure of Liquid Phase

Evaluation of Liquid (Disordered) Structure

The disordered structure is characterized by the radial distribution function, g(r),
which describes how the density varies as a function of the distance from a
reference particle, or the probability of finding a particle at a distance of away
from a given reference particle.




Definition of radial distribution function (isotropic system)

g(rydr = py (r)dr
p=N/V :Number density of particles

y(r):correlation function for 1sotropic system

L, (r)dr =4’y (r)dr

Autocorrelation function, I{7)

I, (r) = [dr,r;) o(r; +7)
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Ornstein-Zernike equation

Calculation of the correlation between two particles, 1 and 2.

Total correlation function : h(r,) = g(7,) -1
g(r)y—1forr — o

h(r) = 0 for r —

h(r,) =c(r,) + pJ c(r3)h(ry)dr,

The influence of molecule 1 on molecule 2 at a distance » can be split into
two contributions, a direct and indirect part. c(7,,) 1s the direct correlation
function. The indirect part is due to the influence of molecule 1 on a third
molecule, labeled 3, which in turn affects molecule 2, directly and indirectly.
This indirect effect is weighted by the density and averaged over all the
possible positions of particle 3.



Percus-Yevick Approximation

g (I’) _ e-W(r)/kBT w(r) s the average work needed to bring the two
particles from infinite separation to a distance 7.

C(I") _ e—w(r)/kBT _ e—[w(r)-u(r)]/kBT

total correlation indirect correlation

u(r) 1s the direct interaction potential

y(r)=e""" g(r)
c(r)=g(r)-y(r) =" y@r)-y(r)= f()y(r)

Substitute this equation in OZ equation

}’(7"12) =1+ pf f(1’13)y(1’13)h(r23)dr3



Hard spheres u(r)

u(r)={°° r=9 Y
0 o (D

y(ry=1+p [y(rdr'= p [y(@)y(r-rhdr

r'<o r'<o
lr-r'l>o

By solving this equation, we obtain direct correlation function for hard spheres

x=rlo ¢, = (w/6)po’ : volume fraction
=17 64,0, x — = ¢ X x<l1
0 x>1

al = (1 + 2¢sc)2 /(1 - ¢sc)4

a, =-(1++¢.)°/(1-¢)*

M.S. Wertheim, Phys. Rev. Lett. 10, 321 (1963).
J.-P. Hansen and I.R. McDonald, Theory of Simple Liquids, Academic Press, London, 1990



Estimation of theoretical prediction

Scattering
Optical path difference K 1%
" F lea
(r-s")=(r-s)=(r-s) . /] ~—
S,: unit vector describing incident beam direction ) e \ o
s’: unit vector describing scattered beam direction O3~ 26
s=5'-§, T

Phase difference

27 27T
)L—On(” S)=7(" $)=@r-q)

Ay: wavelength of x-ray in vacuo
n: refractive index of x-ray
2

=5
=7

l g l= 27”251n8 = 4sind




Elastic scattering of electromagnetic radiation by a free electron:
Thomson scattering

Scattering amplitude

E, =E, expli(q-r—-owt)}

2 2
e I+cos”0 ),

E
E = 0
° R (4.71780mC2 4 2 :

R: distance between scatterer and detector

Scattering from multi-electron system
E(q) =3 E =E, exp(-iwt)y expli(q-r)}
o(r) =3.6(r —r): electron density distribution function
E (@) =E,[drp(r)expli(q -r)}=EF(q)

Scattering Intensity : Wiener-Khinchin theorem
I(@=11F(g" F(q) = fdrp(r)exp{i(q- 1)}
|F(g) I = [dr, [ dr,o(r,) o(r;)exp{i(q- 1)}

rkj =T —I}- =r

|F(q) = fdrfdr,o(r,)pr. +r)exp{i(q-r)}=[drl,(r)exp{i(q- )}

I, (r) = [dr, o(r;) o(r; +r) : autocorrelation function



Form Factor and Structure Factor

Scattering Amplitude of multi-particle system

F(q) = %fd"mk or,, ) expli(q- 1, )rexpli(q- Ry)}

= %FM expl{i(q- R,,)}

Ensemble average of scattering intensity
<IF(q)P>=3 <IF,F>+YY<F,F exp{i(qg" R,;)}> r =R, +r, Q

M=]
For monodisperse sphere system
Fy,=F =F

<IF(q)'>=NF* +F* Yy <exp{i(q- R,)} > R,=R,-R =R o(R)=<Y5(R-R,)>

M=J

- NF[1 + % S5 < [fexp{i(q- (R - R))}5(R - R,))5(R'-R,) dRdR'>]

I (RR)= S(R-R,)5(R-R
=NF2[1"‘%ffexp{—i(tr(R—R'))}Tp(R,R')deR'] p (R R <EM§J( )0 >

= NF*[1 + f exp{~i(q- R)}g(R)dR]

For isotropic system
pIESY P(g): form factor

sin(gR) 477:R2dR] = NP(9)S(q) S(q): structure factor

<IF(q)’>=NF*[1+p[ g(R)



Form factor for a spherical particle with radius R, and electron density p,
F(g) = [drp(r) exp{i(q- 1)}

isotoropic system

. RO :

F(g)= [ p(r) sin(gr) 4ar’dr = 4mp, [ Sm(qr)rzdr
qr o gr

dmp R v .
= 5 0 [t sint dt = vp, D (u) v: volume of sphere
0
u=qr D(u) = u—ift sinf dt
0

= —3[sinu — U COS U]
u

P@=F = (o)) ]f 5 {Sin(gR,) - gReos(gR, )T

0



Features of form factor for hard sphere

1) Higher order peaks

ii) I(q,R,) o< Vv?

iii) 1(q,R,) o< p,’

iv) u— 00  du) — u? I(q) = u*~qg* (Porod law)
v) u — 0

. 1, 1
Smu=u——u +—u —---
1" 5]
P
ucosu=u——u +—u —---
21 4l

3 . 2
DPu)=—F(@6mu—-ucosu)=1-—u"+---
(u) u3( ) 0

= exp[-5 u’]

1(q,R,) ~ I,v2pt expl-Lu]=1,v2p? exp[- 2 ¢°]

Guinier’s law



Structure factor

S(q) =1+ gf4ar’g(r)
OZ equation

h(r,) = c(r,) + pJ c(r3)h(ry)dr,
The Fourier transform of OZ equation

[ drdr,h(r,)e"™ = [ dr.dr,c(r,,)e' "™ + p[ dr.dr,dr,c(r,,)e" ™ h(r,,)

sin gr

qr

dr

[ dr,dr,h(r,,)e"™ = h(q)

sin gr

S(q) =1+ pf 47r°g(r) d
hg) = —9 ) =1+ s = ar
L7 Pl h(r) = () -1 1
S(q) =1+ (2m)* pd(q) + ph(q) =1+ ph(g) i ]
1
S =
(q) 1 - pc(q) o

L= P.Y. approximation

I, sin(sqo)

c(qo) = -4m0° [ s (o, + 64,055 +5 ¢.o5°) ds
0

sqO




Elastic scattering from PMMA spheres with R=217 nm

(8 $4=0.494

g(um?)



Dynamics of colloids
Diffusion of Particles

For the sake of simplicity, we consider one-dimensional diffusion

Flux of particles; j(x,t)

jry=-D%
0x
D: diffusion constant G_)@-)
Continuity equation «© *@(-@
w__9 S
g ox «© &> 4%_) C>
Diffusion equation O <0
2 > <) >
0')_10 =D é’_p (—@ (_@ @‘)

ot x>

Random motion of heterogeneous particles



Stokes-Einstein equation

External potential U creates a force on the particle

F=-0U/ox

The particle moves with velocity

1 .y
v=uF  u:mobility ; = : friction constant

Under the external force, the particles pile up (drift current) but will
be spread out due to the random diffusion (diffusion current).

net flow of particles due to the drift current net flow of particles due to the diffusion current
oUu J
J 4 (%) = HF ()p(x) = =p(x) == Jyy () =-DE
or or
At equilibrium
U J
0=J, (xX)+J 4 (x) =—p)u=-DZL
ox ox

Boltzmann distribution

p(x) < exp(=U(x)/kyT)



At equilibrium

0=J, (x)+J 4 (x) = —p(x)M&—DO?—p
or or
Boltzmann statistics
p(x) xexp(-U /kgT) A: constant related to the number of particles

J 1 oU
p(x) _ Y o)
ox kT ox

D
0su0vy =g - 2

D
k,T

u= :Einstein relation

For the particle with the radius R, and the solvent with viscosity 1

1
= 6Nk,
D - kT

B 6nR,



Dynamic structure factor
Number density of particles at position » and time ¢ :  P(r,1) =Y .0 —r;(?))
Fluctuation of the number density : op(r,t) = p(r,t)-< p >
Fourier expression : dp(q,t) = [ drdp(r,t) exp(iq -r)

Dynamic structure factor
1
S(q’t) = N <6p(_q90)6p(qat)>
- 3 ewl-ia- .0 -r )

Dynamical structure factor for hard sphere

S(q.1) =N~ S <expl-ig- (R, (1)~ R, (O))] > ’
JL

< [f dr; ()dr,, (0)expl-ig - (r, (¥) -r,,(0)]> Ry()
r(?)

motion of center of gravity internal mode

g (1, (0) = 1, (¥)) I<< |



The dynamic structure factor for hard spheres is expressed by
S(g.t) =N~ Y <exp{ig-[R,(0)-R, (D]} >
JL

Diffusion of hard spheres obeys the diffusion equation

%S(q,t) =-q"D(q,)S(q.1)

D(q,?) : collective diffusion coefficient

Normalized dynamic structure factor : S(q,7)/S(q,0) = S(q,t)/S(q)
S(q): static structure factor

9 3Gt _ 9
S &t[NS(q)ZEJ<eXp[lq (R, (0)-R, (r)])]
m 3 {~ia- R, ©) exelig- (R, )~ R, )]

NS@” -ig - R, O exp[ig- (R, ©)-{R, (0)+ [k, ("'} )

=

=

NS(q), < —iq J(O) 1 iq - foRL(t )dt}exp[zq (R, (0) - RL(O)]>

NS(q),, S (f4-ig-R, O{1-ig- [iR, ()} dr ><exp[iq-(RJ(O)— R, (0)])



J S(q,t) 1 . ] . ' ' ' .
a S NS(q)E<f0{"q'RJ(O)}{1"q'fORL(t ) exelig - &, ©)- R, O]

i,j

_ m > :<f(§{—iq .RJ (O)}dt'> + <f(§{—iq .RJ (0)}{iq : féRL (t')}dt'>]<exp[iq “(R,(0)-R, (0)]>

o < I{-iq R, (O)}dt’> - ¢ (R, O)R, ()dr')- q](exp[iq (R, (0)-R, (0)])

Due to the isotropy of the system <R ; (O)> =(v,(0))=0

9 S@n 1

=

dat S(q) - NS(q) IE] 9 '<f0VJ )y, (¢)dt > ' q<exp[iq ‘(R,(0)-R, (())]>

|

= —F(q)%<q ) DJL (1)-q GXp[lq ) (RJ 0) _RL (0)]>

D,(t) = [<v, 0y, () >dr

Hydrodynamic function:
Measure the influence of velocity of particle 1 on velocity of particle 2 via medium

2<q°D,; () qexp{ig-[r,0)-r (0)]} >
H(q,t)=~

ND,q’
0 D,: diffusion coefficient at infinite dilution



Short time region

d S(q,1) 2y H(q,1) d 2
— L~ _4°D, —S(g,t)=—-qg°D(q,t)S(q,
dt S(q) 1 S(q) v ot (q.1) ==4"D(q.H)5(q.1)

Dy(q.t) _ H(q,1)
D, S(q)




Measurement of dynamic structure factor by light scattering

Incident light, n: electric field vector, w.: angular frequency
7,0 /\DETECTOR

E (r.t)=n,E,expli(q,-r-w;t)}

The incident light is scattered by the heterogeneity n
of the dielectric constant. Fluctuation of the dielectric U 2.

constant 1s expressed by n
er,t)y=¢,d +0e(r,t)
mean dielectric constant, I : unit tensor

&y
Scattered light R: distance between scatterer and detector

45 ———exp{i(¢,R —w,1)}f, drexp{i(q-r)}[n, - oe(r,t) n;]

E.(R.1) =~ R e
0

°F,
qS 0 exp{l (qu - U)lt)}(sg is (qa t)
nRe,

N

5€is(q9t) = ns ) [fvdrexp{l(q r)}ée (I‘,t)] ) ni

Time correlation function of scattered light

GV =<E,ROERT)>  <E (ROE(RT)>=limy[ | E (RDE(R.t+7)ds

4
_ # < 8¢,,(¢,0)¢,,(¢,T) > exp(-iw;T)



The fluctuation of dielectric constant, d&(r,f) is expressed by
O, (r,n) =3 0, (DO —r;(1))

= Ejajjs(t)p(rat)

o.: polarizability of i molecule

fluctuation of number density
op=p-<p>
0p(q.,t) = [ drop(r,t) exp(iq -r)

Then the time correlation function G()(7) is expressed by

4
I *
GV@)=—L0 _exp-ing) <a,, O, (@) ><dp" (q,0000(q,T) >
167°R%; ’ “
_ g, 1
167°R%e,

exp(-iw;T) <o jis Oa,,(T)>S(q,7)

In a dynamical light scattering experiment, we observe the time correlation of the
scattering intensity, I, (t) =l E (R,t)
Thus, the forth order moment of scattered electric field, G®(7).



G¥ (1) =< E"(0)E(0)E" (v)E(t) >=< 1(0)I(t) >
=< E (0)E(0)>< E"(t)E(t) > + < E (0)E(t) >< E" (7)E(0) >
=GP0 +1GY (@) P=IGYO)F A+1gY (@) I?)

gV @) =G"a@)/G"(0)

= S(q,t)/S(gq,0) :dynamical structure factor

Dynamical structure factor of spherical particles (PMMA)

°
‘ Y ¢ L J
42 /Q-S\.. 6 1 ° L)
0.1041 40 — * .
» - .
¢ o 41 .
3 - ]
0.15{ ¢ K
". 1.5 \ 3.0 . ? 0...
l \., \ . ecscecee®
0.20 4—a ) . h . 0 - -
D, g*t



Liquid Crystal (Rod-like Particle)
Phase Behavior of Rod-like particles (Simulations)
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Nematic transition of rod-like particle (excluded volume effect)

Partition function of N spherical particles

1

1
Zy(V.T)=—

- [dry [dp,-- [ dp, eXp[ ﬁ{ENz—

[+ 3wy

i<j

=A§N il fdrNeXp[ ~B2ur, ]

A = h/(2nmk,T)"?: de Broglie wavelength  (p2/m=k,T/2)
For ideal gas (u(r;;)=0), the partition function 1s expressed by

A—3N VN
N!

ZY(V,T) =
The Helmholtz free energy is expressed by
F“ =—k,T InZ =-k,T In(V¥A”" /N")
= Nk,T (In pA® - 1)

p=N/V InN!=nIlnN-N



For real gas with the inter-particle interaction, u(i,)
Mayer function D(,j)=exp(-u(i,j)/k,T)-1
y —> 0 exp(-u(i,j)/k,T)—1
D@G,j)—0
Then we can calculate the partition function
Qy = f---fgexp[—u(i,p/kBT]d%---d3rN

= [ JTI(+@G. ) d’r---d’r,

i<j

= [ fA+3SDPGE,j)+--)d°r--dr, Cluster expansion
i
Helmholtz free energy
F=F"- kB‘f %ffcli(l,Z)drldr2 +oe
id 1
=F" + Bk, Tp+--- B, ==~ [f®(1,2) drdr, =—%

B,: second virial coefficient

measure of hard core potential and attractive interaction



For rod-like particle, we have to take into account orientation of the rod.

Orientation distribution function: f{€2) €2 : solid angle
The orientation distribution function should be normalized by [ f(£2)d2 =1

for isotropic system  f, (Q)= 4—
JU

Contribution of the orientation distribution on the free energy is expressed by
~TAS,,, = -Nk,Tf () In[47f(2)] 2
In addition, we have to average the virial coefficient over the orientation

B,=-3J[ B;(L,2)f () f(L2") d2d'

Here we assume that the rod particle has a hard potential
u=o0 @=-1 for overlapping particles

u=0 &=0 for non-overlapping particles

A(L2.27) =éff‘15dfi dr, = [(=1)dR, = -v,,(£2,927)

overlap

v, (2,92'") ~2DL’ Isiny |




Free energy of rod-like particles

F
Nk,T

=F“+ [ f(Q)In[4xaf (2)] dQ

+pff DL? Isiny If (2)f (') dQdQ' +---
For dilute system, the system is governed by the orientation entropy
For concentrated system, the system is governed by the packing entropy

The 1sotropic-nematic transition is determined by the competition between

the orientation entropy and the packing entropy. A
n
A trial function for orientation distribution function /‘
v,
o cosh(o cos 0
f;rial (8) = ( ) \
4 sinho
n: director

u: direction of the rod
a is a parameter to be determined from the condition

that minimizes F.

a=0 corresponds to the 1sotropic state.
o= oo corresponds to the completely ordered state.

(



AFINKk,T

For p < p*

AF has only one minimum at a=0.
isotropic state

p<p*
p=p* For p;* <p <p,’
. 1336 . _ 1794
p* <p <p* P = DI > aDI*
p=p* AF has has another minimum at positive a.,.

nematic state, thus coexistence region.

For p," <p

AF has only one minimum at positive o=0.
nematic state

Free energy AF(a, p) =F(a, p) -F(0, p)
as a function of order parameter o

at various density p.



Experimental confirmation of Onsager theory

780'1" T T T ' T T T T rl T L) T r T T T T
15 nm “
Protein, = |
__ 580}
OS/ |
5
D -
380
300 nm N\ Peff
a c
180'[ 1 1 Ll I 1 L 1 l 1 1 1 1 Ll L 1
0 25 50 75 100
u lonic strength (mM)
T e
tobacco mosaic virus : '
(TMYV) _
— 160
E L
N
m b
E
©  sof
I !
N

lonic strength [mM]

S. Fraden, et al., Phys. Rev. Lett. 63, 2068 (1989).



Polymer Ideal chain (Random walk chain)

100 nm b: bond length, N :degree of polymerization

End to end vector ~ diameter of chain

R = grn (R)=0
(®)-2 50 n)

for random walk chain

n=m <rn°rm>=<rn><rm>=0

e 4 N
AFM image of <R2> = <rn2> = Nb*
Polystyrene-b-polymethylmethacrylate n=l



P(R,N): probability distribution function that the end-to-end vector of the chain is R.
PRN)=~S P(R-b N -1)
< i=l
z : number of nearest neighbor sites
for N>> 1, [R>>|b,|

P JP 1 9*P
P(R_bl,,N—l)=P(R,N)—O7——O7—b,-a+— ’ biabiﬂ
ON JR, 2 6R,0R,

b, ., R, : acomponentofb,, R
1 & z S5,,b°
—2b, =0 lzbz’abi[g’ =L
Z i-l Z il 3
N
IN 6 R’

By solving this equation under the boundary condition, R=0 at N=0.

3/2 )
3 3R
PN = (2an2) eXp(_ 2Nb2)

Gauss distribution




N
R = E (Rn _Rn—l)
i=l

Probability distribution for {R_}=(R,, R,,...,Ry)

3 3N/2 3 N 5
P({Rn}) = 2.7'[b2 cXp _2—b2 (Rn _Rn—l)

i=1

Comparing this distribution function with the canonical distribution of
a harmonic spring,

The polymer chain can be modeled by a sequence of segments connected
by the harmonic spring.

Bead-spring model



The Hamiltonian of the bead-spring model of an ideal chain

3k, X

iR} - 2L Sk, k)

The partition function of the ideal chain
Zy=[dR, [ dRy exp[-H,({R,})]

> b2 3N/2

3

The free energy F(R) of an ideal chain whose end-to-end vector is fixed at R
F,(R) =-TS,

Number of possible conformations
= —kgT In

given the end - to - end distance

[ ( Number of possible conformations
= —k;T In , , . . x P(R)
of an ideal chain without constraints

V4 3k,.T
=—k. T In=%x P(R)|=—2
S % ( )] 2Nb>

‘R‘z + constant



Excluded volume chain

Ideal chain: two segments can occupy the same lattice site.

Excluded volume chain (Self-avoiding chain) :

two segment cannot occupy the same lattice site. :

Here we consider an excluded volume chain with N segments
and the one end is fixed at the origin.

The number of the excluded volume chain which has the end-to-end distance
between R and R+dR is W(R)dR.

The number of the ideal chain which has the end-to-end
distance between R and R+dR 1s W (R)dR

The total number of the ideal chain is ZV.

W,(R)dR = 7" P(R,N)4nR*dR

3/2 5
=ZN4J'L'R2( 3 2) exp( 3R )dR

27N ONB?



In the case of the excluded volume chain, some conformations are removed from the
1deal chain conformations due to the excluded volume condition.

Probability of the excluded volume chain conformations in the ideal chain conformations
is expressed by p(R).

We assume that the polymer segments are distributed in the volume R3 homogeneously.
The lattice volume is v.. The number of lattice sites in the volume R is R*/v..

The probability that one segment does not overlap with the another segment is (1-v_/R?)
and the number of segment pairs is N(NV-1)/2. Then

)N(N—l)/2

I
P(R) = (1 - ;; - exp[EN(N -1) ln(l - ;g )}

R>>y =In(l-v, /R*)=-v, /R’ N>>1
N%y
R) = exp| - <
P(R) p e
W (R) =W, (R) p(R) = R2 exp| - 3R” _N'v,
0 VP ™ one? 2R



The size of polymer chain can be estimated by optimization of W(R).

For the ideal chain, W,
Ry =(2Nb?13) " o N2

For the excluded volume chain, W,

By logarithmic differentiation, we obtain

3R?  3N°’v,
- =+ = +1=0
ONb® 4R
RY (R) 96 v I
) &) =16 Y
0 0

* *

2 /S
R =R, u) o« N33

b3




Effect of solvent

The size of polymer chain is strongly affected by

the interaction between polymer segment and solvent.

Good solvent dissolves chains well, whereas
bad solvent cannot dissolve chains.

Model of polymer chain in solvent

Interactions

polymer segment - polymer segment : -¢
polymer segment - solvent : -€
solvent - solvent : -€

Note, ¢, £, €3> 0

At polymer conformation i,

e D
number of segment - segment pairs : N

number of segment - solvent pairs : N;‘Q
number of solvent - solvent pairs: N

SS
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An excluded volume chain on lattice
@® : polymer segment

O : solvent molecule

All sites are occupied by polymer
segments or solvent molecules.



Total energy of the system 1s expressed by
(i) (i) (i)
E,=-N_ e, —-N, e, —N ¢
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In this case, the probability finding the polymer chain with the size of R is

P(R) «x W (R) exp

E (R)} E(R) : mean energy of polymer chain with

B Size R

Probability that a lattice site is occupied by the polymer segment is ¢=Nv_/R3.

Then, the numbers of pairs are expressed by

IO N0 0] !
N;;saNng N = Nz(1-¢) Nﬁé)sts—[EzN¢+NZ(l—¢)}

N : total number of solvent pairs for system without chain
E (R) =- % ZN@(e,, + €, —2¢ ) + ¢ independent term
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Ag = %(epp +ess) — &



Then

P(R) x R* exp| -
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